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Abstract: We describe a new optical system using an ultra-stable mode-
locked frequency comb femtosecond laser and compressive sensing to 
measure an object’s surface profile. The ultra-stable frequency comb laser 
was used to precisely measure an object with a large depth, over a wide 
dynamic range. The compressive sensing technique was able to obtain the 
spatial information of the object with two single-pixel fast photo-receivers, 
with no mechanical scanning and fewer measurements than the number of 
sampling points. An optical experiment was performed to verify the 
advantages of the proposed method. 
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1. Introduction 

In many industrial applications, it is important to determine the surface profile of an object 
having a large depth, and the demand for rapid and high-accuracy surface profile observation 
is growing day by day. Traditional optical interferometry is known to have high axial 
resolution, but an inherent problem with this technique is a 2π phase ambiguity that occurs 
when the illuminated surface has a height difference larger than the wavelength [1,2]. In this 
method, the modulo-2π phase distribution must be unwrapped to reconstruct the three-
dimensional (3D) shape of the object [1,2]. Another approach is multiple-wavelength method, 
which uses more than two illumination wavelengths to overcome the 2π ambiguity of two-
wavelength method [3,4]. Although two-wavelength and multi-wavelength interferometry can 
widen the dynamic measurement range from a few micrometers to several millimeters, the 
measurement range depends on the number of synthetic wavelengths and the characteristics 
of the light sources [4]. Although the dynamic range can be expanded, the system becomes 
very complex and is not appropriate for general-purpose profilometry. 

Recently developed optical mode-locked frequency comb femtosecond lasers have been 
exploited in many applications due to their many useful properties. By using a frequency 
comb femtosecond laser, the refractive index and thickness can be determined by using 
spectrally resolved single- [5] or two-color interferometry [6], and phase measurement [7], 
profilometry, and tomography of the objects can also be carried out by sweeping the comb 
interval frequency and using scanning interferometry [8–10]. In particular, by employing an 
optical mode-locked frequency comb femtosecond laser, high-precision, wide-dynamic-range 
absolute distance measurement can be achieved with various methods, including coherence 
interferometry [11–13], time-of-flight measurements [14,15], a combination of coherence 
interferometry and time-of-flight measurements [14], intermode beat modification of the 
optical frequency comb [16,17], and a method exploiting the radio-frequency domain of a 
frequency comb femtosecond laser [18]. Technical speaking, the object’s profile can be 
absolutely specified by measuring the distance of all object points, but it will be very time 
consuming and the accuracy is limited by the need to mechanically scan. 

Additionally, compressive sensing (CS) is a new digital signal processing technique 
designed to acquire and recover a physical signal from relatively few measurements with 
potentially high resolution [19,20]. CS involves the original idea of using a combination of 
sparse representation and pseudorandom sampling, which enables CS to be applied to extract 
the maximum amount of signal information from the minimum amount of measurements. CS 
can be used to compress data in digital image processing with an efficiency proven to be 
much better than conventional techniques like JPEG and JPEG 2000. Recently, using CS, a 
single-pixel camera [21] and a single-pixel terahertz imaging system [22] have been realized 
by measuring inner products between the scene and a set of random test functions. This data 
acquisition process has been shown to be more efficient than the sampling scheme used in 
conventional sensing methods, because redundant data is not sampled [21,22]. Moreover, 
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Gabor holography recording process has been employed and proved to work as a compressive 
encoder in spatial frequency domain, thus, the CS technique is also able to be applied to 
reconstruct the 3D tomography from a single 2D optical monochromatic digital holography 
[23] and millimeter wave digitized holography [24]. 

In this paper, we propose a new optical profile measurement system that has a high 
dynamic range implemented with a frequency comb femtosecond laser based on the CS 
technique to perform a spatial measurement. The frequency comb femtosecond laser has an 
extreme stable optical frequency modes, it enabled to record the phase information of the 
interference signal of all the points on the object’s surface very precisely. The CS technique 
was carried out by encoding an object wave using a spatial light modulator (SLM), which 
allows the entire object surface to be reconstructed from fewer measurements than the 
number of sampling points [25,26]. We demonstrate the idea and its advantages 
experimentally. 

2. Principle 

2.1 Interference imaging with optical mode-locked frequency comb femtosecond laser 

In the frequency domain, a mode-locked frequency comb femtosecond laser can be regarded 
as many separate monochromatic light sources with extremely long coherence length. 
Denoting the repeat and offset frequencies of the light sources as fR and fO, respectively, the 
harmonic frequency of order n is given by fn = fO + nfR, where 0 ≤ n ≤ Nmax and Nmax is the 
maximum harmonic frequency order of the frequency comb laser. 

 

Fig. 1. Experimental setup. BPF, band pass filter; BS, beam splitter; PBS, polarization beam 
splitter; M, reflecting mirror; L, lens; SLM, spatial light modulator; QWP, quarter wave plate; 
DS, DR, fast photo-receivers; FSS, frequency selection system; PDC, PDS, phase detectors; M, 
mirror; PS, phase shifter. 

For the optical setup shown in Fig. 1, the object wave of a specific frequency of the light 
source, when reflected from an object point, is expressed by An(x, y)exp{-j[wnt + φn(x, y)]}, 
where x and y indicate the position of the point, wn = 2πfn is the angular frequency, and φn is 
the phase of the object point. When the object wave is reflected from the SLM, it is 
modulated with a modulation function Rn(x,y,l) and is then focused on the sensor of the fast 
photo-receiver DS at the focal point of the lens L1. The interference pattern of all the points on 
the object surface is expressed by 

 [ ( , )]

1 1

( ) ( , , ) ( , ) ,n n

Y X
j w t x y

n n n
y x

U t R x y l A x y e ϕ− +

= =

=  (1) 

where X and Y are related to the observed area and expressed in units of pixels, and l > 0 
indicates the measurement order. 

The light source is a comb frequency laser with a maximum harmonic frequency order of 
Nmax; therefore, the interference pattern in the sensor image is the summation of the 
monochromatic interference patterns of all optical frequencies, expressed by 
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The interference pattern is sampled by DS with a maximum response sampling frequency of 
fsmax. Suppose that the harmonic frequency order N closest to fsmax satisfies the condition fN ≤ 
fsmax < fN+1.This means that the high-frequency component of UTT(t) will be cut-off after 
passing through DS. The signal output from DS is now rewritten in the form 

 
1

( ) ( , , ).
N

TN n
n

U t U x y t
=

=  (3) 

Similarly, the signal passing through DR is simply described by 

 ( )

1

( ) .n Rn

N
j w t

RTN Rn
n

U t A e ϕ− +

=

=  (4) 

The output signals from DS and DR are led into a frequency selectable system (FSS) [23]. 
Only the sampled optical waves which with the frequency fk corresponding to the harmonic 
frequency order k (0 < k ≤ N) satisfies the condition of the FSS are passed through. Equations 
(3) and (4) are rewritten as 

 [ ( , )]

1 1

( ) ( , , ) ( , ) k k

Y X
j w t x y

T k k
y x

U t R x y l A x y e ϕ− +

= =

=  (5) 

and URT(t) = ARkexp[-j(wkt + φRk)], respectively. UT(t) and URT(t) are each separated into two 
components to measure the phases, as shown in Fig. 1. The output signal from phase-detector 
PDC is described by 

 

*

1 1

( ) [ ( )] [ ( )]

( , , ) ( , ){cos[ ( , )] cos[2 ( , ) ]},

c RT T

Y X

k Rk k k k k Rk
y x

P l real U t real U t

R x y l A A x y x y w t x yα ϕ ϕ ϕ
= =

=

= Δ + + +
 (6) 

where URT*(t) is URT(t) with the phase inverted because of characteristics of the phase 
detector, ∆φk(x,y) = φk(x,y) − φRk is the phase difference between the coded object wave and 
the reference wave, and constant α characterizes the effect of the power splitter and the 
relation between the amplitudes of the output and input signals of the phase detector. The 
high-frequency component in Eq. (6) will be filtered by a low pass filter; thus, the output 
signal from the phase detector is simply described by 

 
1 1

( ) ( , , ) ( , ),
Y X

c k ck
y x

P l R x y l E x y
= =

=  (7) 

where Eck(x,y) = αARKAK(x,y)cos[∆φk(x,y)]. Before being led into the phase-detector PDS, the 
phase of the reference wave is shifted by π/2 by a phase shifter (PS), and the output signal 
from the phase detector is expressed by 

 
1 1

( ) ( , , ) ( , ),
Y X

s k sk
y x

P l R x y l E x y
= =

=  (8) 

where Esk(x,y) = βARKAK(x,y)sin[∆φk(x,y)], and β is a different constant from α because of the 
attenuation caused by the phase shifter. When Eck(x,y) and Esk(x,y) are specified, ∆φk(x,y) is 
easily obtained by the following equation, 
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The depth difference ∆D(x,y) between the object and reference points is calculated by 

 
[2 ( , )]

( , ) ,
4 g

k

k

c p x y
D x y

f n

π ϕ
π
+ Δ

Δ =  (10) 

where p is the integer part of the phase difference, c is the velocity of light, and ng is the 
group refractive index of the medium. If the object depth is assumed to be smaller than half 
the wavelength of the waves selected by the FSS, then p = 0, and thus, the object profile can 
be specified without any 2π ambiguity. 

2.2 Applying compressive sensing 

The CS technique can be used to scan object information with a number of measurements 
fewer than the number of sampling points. In practice, however, CS is advantageous only for 
sparse signals [19, 20], which is not the case with an actual object. Therefore, instead of 
directly measuring the object profile, it can be obtained via an equivalent representation 
model that has sparse elements. First, a mask Rk(x,y,l) is constructed by a pseudorandom 
pattern consisting of random binary elements of a Bernoulli matrix. Elements “0” and “1” 
correspond to two states, which block or pass light; the number of “1” and “0” elements in 
each pseudorandom pattern is the same. For each pseudorandom pattern Rk(x,y,l), a shifted 
version denoted by Rsk(x,y,l) is also generated as follows: 

 

( , , ) 0 if 1and 1

( , , ) ( , 1, ) if 1and 1.

( , , ) ( 1, , ) if 1

sk

sk k

sk k

R x y l x y

R x y l R X y l x y

R x y l R x y l x

= = =
 = − = >
 = − >

    

    

  

 (11) 

From Eqs. (7) and (8), when the shifted version of Rk(x,y,l) is displayed on the SLM, the 
outputs from PDC and PDS are expressed by 

 
1 1

( ) ( , , ) ( , ),
Y X

sc sk ck
y x

P l R x y l E x y
= =

=  (12) 

 
1 1

( ) ( , , ) ( , ).
Y X

ss sk sk
y x

P l R x y l E x y
= =

=  (13) 

From Eqs. (7) and (12), the difference ∆Pc(l) obtained by subtracting Pcs(l) from Pc(l) is 

 
1 1

( ) ( , , ) ( , ),
Y X

c k ck
y x

P l R x y l E x y
= =

Δ = Δ  (14) 

where 

 

( , ) ( , ) ( 1, )

( , ) ( , ) (1, 1) if .

( , ) ( , ) if and

ck ck ck

ck ck ck
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E x y E x y E y x X

E x y E x y x X y Y

Δ = − +
Δ = − + =
Δ = = =

  

    

 (15) 

Similarly, from Eqs. (8) and (13), the difference ∆Ps(l) obtained by subtracting Pss(l) from 
Ps(l) is 

 
1 1

( ) ( , , ) ( , ),
Y X

s k sk
y x

P l R x y l E x y
= =

Δ = Δ  (16) 
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where 

 

( , ) ( , ) ( 1, )
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( , ) ( , ) if and

sk sk sk

sk sk sk

sk sk

E x y E x y E x y

E x y E x y E y x X

E x y E x y x X y Y

Δ = − +
Δ = − + =
Δ = = =

  

    

 (17) 

From Eqs. (15) and (17), it can be seen that ∆Eck(x,y) and ∆Esk(x,y) are equivalent 
representation models of Eck(x,y) and Esk(x,y), respectively. Because the consecutive points in 
a line on the object often have similar depth and intensity, on some areas of the object, 
∆Eck(x,y) and ∆Esk(x,y) are approximately equal to 0. This means that ∆Eck(x,y) and ∆Esk(x,y) 
can be considered as sparse signals which can be obtained and reconstructed by CS [19, 20]. 

It is assumed that ∆Eck(x,y) and ∆Esk(x,y) are the same m-sparse signal, and thus the 
minimum number of measurements required to exactly reconstruct the original signal is 
calculated by 

 (2 log( / )).M O m XY m=  (18) 

This equation is also considered as a condition of CS [19, 20]. When M pseudorandom 
patterns of Rk(x,y,l) and Rks(x,y,l) are used, from Eqs. (14) and (16), the measurement process 
can be described by the equations 

 ,c R cP EΔ = Φ Δ  (19) 

and 

 ,s R sP EΔ = Φ Δ  (20) 

where ∆Pc and ∆Ps are M × 1 column vectors of measurements, ∆Ec and ∆Es are column 
vectors with X × Y pixels of ∆Eck(x,y) and ∆Esk(x,y) ordered in an XY × 1 vector, and the 
measurement matrix ΦR is M × XY. 

In order to reconstruct sparse signals of ∆Eck(x,y) and ∆Esk(x,y), the l1 minimization 
method is selected. It is summarized by [25, 26]: 

 1 2min subject to ,c l R c cE E P εΔ Φ Δ − Δ ≤      (21) 

 1 2min subject to ,s l R s sE E P εΔ Φ Δ − Δ ≤      (22) 

where ɛ is a tolerance that determines the accuracy of the reconstructed signal [19, 20]. When 
all values of ∆Ec(x,y) and ∆Es(x,y) are specified by the reconstruction process in Eqs. (21) and 
(22), Eck(x,y) and Esk(x,y) are calculated by Eqs. (15) and (17), so that the profile of the object 
is measured by applying Eqs. (9) and (10). 

3. Experiment 

The experimental setup is shown in Fig. 1. A frequency comb femtosecond laser 
(FEMTOSOURCE rainbow, FEMTOLASERS, Inc.) with a repetition rate of 76 MHz was 
used. The object and reference waves were sampled by two photo-receivers with a maximum 
frequency response of 1 Ghz. The FSS was designed to select the 13th frequency harmonic 
corresponding to the frequency of 988 MHz of the light source, to allow an object with a 
depth smaller than 15.18 cm to be detected without any 2π ambiguity. The attenuation caused 
by the phase shifter, expressed by β/α = 0.8, was measured from the ratio between the 
amplitudes of the input and output signals of the phase shifter. 

Three kinds of pseudorandom pattern with 4 × 4, 6 × 6, and 10 × 10 random binary 
elements, as shown in Figs. 2(a)-2(f), were used to encode the object wave. The SLM pixel 
size was 26 μm. Each binary element of the 4 × 4, 6 × 6, and 10 × 10 pseudorandom patterns 
was constructed with 60 × 60, 40 × 40, and 24 × 24 pixels of the SLM, respectively, and the 
scanning range in this case was 6.24 mm × 6.24 mm. 
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In the first experiment, a plane mirror was used as the target object to evaluate the 
stability of the system and the accuracy of the proposed method. For each pseudorandom 
pattern displayed on the SLM, 5000 samples of the phase information were measured by the 
phase detector system at intervals of 100 μs. The phase information corresponding to the 
displayed pseudorandom pattern was the average value calculated from 5000 measured ones. 
In order to precisely reconstruct the object’s profile, the number of measurements should be 
not smaller than the theoretical one calculated by Eq. (18). Considering the object’s structure, 
12 measurements with 4 × 4 and 6 × 6 pseudorandom patterns and 40 measurements with 10 
× 10 pseudorandom patterns were performed to reconstruct the equivalent representation 
model of the object by Eqs. (21) and (22), then Eqs. (15) and (17) were applied to obtain the 
object’s profile. The results were shown in Figs. 3(a)-3(c). 

In fact, it is very difficult to exactly know the sparse number of an actual object, thus, the 
profile of the object reconstructed from different numbers of measurements was to evaluate 
the error of the system. For each number of measurements, an object profile was 
reconstructed by Eqs. (21), (22), (15) and (17), the corresponding accuracy was evaluated by 
calculating the root mean square (RMS) error. In this case, because the original object was 
considered to be a perfect flat plane, the RMS error was simply calculated from all measured 
points and their average depth. The result is shown in Fig. 4. 

 

Fig. 2. Pseudorandom patterns of (a) 4 × 4 elements and (b) the corresponding shifted version, 
(c) 6 × 6 elements and (d) the corresponding shifted version, and (e) 10 × 10 elements and (f) 
the corresponding shifted version used to encode the object wave. 

 

Fig. 3. The accuracy of the proposed method, measured with (a) 4 × 4, (b) 6 × 6 and (c) 10 × 
10 pseudorandom patterns. 
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Fig. 4. The accuracy of the proposed method with different types of pseudorandom patterns 
was investigated. 

In the second experiment, two flat mirrors located in different planes 4 cm apart were used 
as the target object. The same process as in the first experiment was applied. The object 
profile shown in Fig. 5(a) was reconstructed from 12 measurements with 4 × 4 pseudorandom 
patterns. Another object constructed of three flat mirrors located in different planes, where the 
distance between the first and second ones was about 30 mm, and the distance between the 
first and third ones was about 50 mm, was also measured. The profile, which was obtained by 
26 measurements of 6 × 6 pseudorandom patterns, is shown in Fig. 5(b). 

 

Fig. 5. Actual object profiles measured with (a) 4 × 4 and (b) 6 × 6 pseudorandom patterns. 

 

Fig. 6. Actual object profile measured with 10 × 10 pseudorandom patterns. 

Finally, a more complicated object constructed of three flat mirrors located in different 
planes, where the distance between the first and second ones was about 30 mm, and the 
difference between the first and third ones was about 50 mm, was also measured. The profile, 
which was obtained by 80 measurements of 10 × 10 pseudorandom patterns, is shown in Fig. 
6. 

#189856 - $15.00 USD Received 1 May 2013; revised 12 Jul 2013; accepted 19 Jul 2013; published 2 Aug 2013
(C) 2013 OSA 12 August 2013 | Vol. 21,  No. 16 | DOI:10.1364/OE.21.019003 | OPTICS EXPRESS  19010



4. Conclusions 

We have proposed a new method for measuring an object’s profile with an ultra-stable mode-
locked frequency comb femtosecond laser. A theoretical analysis was described for 
explaining the operating principle of the system, for examining the performance, for learning 
about the requirements of the devices for implementation, and for visualizing the 
experimental results of the proposed system. Use of the ultra-stable mode-locked frequency 
comb femtosecond laser ensures high accuracy of each measurement. The CS technique 
allows scanning and reconstruction of the object profile with fewer measurements than the 
number of object points. The experimental results demonstrated the feasibility and advantages 
of the proposed method. The scanning range depended on the size of the SLM. The scanning 
resolution can be easily changed, and the maximum achievable resolution can be as high as 
the resolution of the SLM. 

The accuracy was dependent on the number of measurements, but when the number of 
measurements was greater than that required by the CS conditions, the RMS error was 
considered to be constant. For more complicated objects, a random mask with smaller pixel 
size was required to be used. 

In the experiment, the object profile was measured with a single-color setup. If a two-
color setup is used [18], an object with much larger depth can be measured. 

This system did not require any mechanical scanning, and therefore, errors related to 
mechanical devices could be eliminated. However, the accuracy of the system was limited 
because of the low contrast of the SLM and the low sensitivity of the phase detectors. Finally, 
when the more sensitive fast photo-receivers are used, the low intensity of the scattering light 
of the object can be obtained so that the proposed method can be applied for profilometry of 
an actual object. 
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